Within the modified model of proton ordering of one-dimensional ferroelectric having hydrogen bonds of PbHPO 4 -type, their thermodynamic and dynamic characteristics are studied and calculated taking into account the linear (by crystal deformations ε i (i = 1,3) and ε 4 ) contributions into the energy of a proton system but without taking into account the tunneling in the two-particle cluster approximation. There has been obtained a good quantitative description of the temperature dependence of polarization, static dielectric permittivity, heat capacity and frequency dependence of dynamic dielectric permittivity at different temperatures for PbHPO 4 and PbHDO 4 crystals.
Introduction
Ferroelectric properties in PbHPO 4 (LHP) and PbDPO 4 (LDP) crystals were disclosed in work [1] phase. These are monoclinic crystals of P2/c space group in paraelectric phase [1, 2] . Ferroelectric phase in LHP is characterized by a Pc symmetry having a spontaneous polarization in the direction that forms an angle of 10
• with the crystal a-axis. The elementary cell of LHP contains two molecules. The parameters of unit cell of LHP are as follows a = 4.688 Å, b = 6.649 Å, c = 5.781 Å, β = 97.11
• and of LDP -a = 4.6855 Å, b = 6.6911 Å, c = 5.7867 Å, β = 97.10
• .
A characteristic feature of crystal structure of ferroelectric of LHP is the presence of hydrogen bonds that link the PO 4 tetrahedrons into infinite chains that stretch out along the c-axis. According to the two possible equilibrium positions, the protons (deuterons) at these bonds in a paraelectric phase are distributed statistically uniformly, while in ferroelectric phase there appears a spontaneous asymmetry of population. The data presented in works [3] [4] [5] testify to the fact that the proton on the hydrogen O-H. . . O bonds move in two-minimum potentials. A noticeable change of the phase transition temperature at deuteration of LHP [1] [2] [3] [4] [5] [6] [7] [8] [9] , as well as of dielectric [1, 7] and thermal [8] properties testifies to an important role of a cooperative behavior of protons in the appearance of ferroelectricity in this type of crystals.
Taking into consideration that the direction of dipole moment of ν 4 (B u ) internal mode is close to the direction of spontaneous polarization P s [10, 11] , as well as since this mode shows a considerable temperature softening in a ferroelectric phase, which is similar to the temperature dependence P s (T ), we may assume that this internal mode ν 4 plays a crucial role in the mechanism of the phase transition in LHP crystal. The inter-phonon interaction between the low-frequency ω s and internal ν 4 modes that have got the same symmetry (B u ), close to T c , may result in static deformation of PO 4 groups, which causes a static dipole moment of ν 4 mode. It is natural to assume that the value of P s is mainly determined by a static dipole moment of PO 4 groups. The angle between these moments and the vector of spontaneous polarization is 2
• . The work [12] estimates the contribution of the polar deformation of PO 4 groups into LHP to be ∼ 80% of the experimentally observed value of LHP. The phase transition into LHP takes place due to the proton ordering, phonon anharmonicity and proton-phonon interaction.
Microscopic models of phase transition of LHP were discussed and studied in works [13] [14] [15] [16] [17] [18] [19] . The model discussed in [13] corresponds to LDP. Works [14] [15] [16] [18] [19] [20] ] present the LHP model that takes the tunneling of protons on hydrogen bonds into consideration. Work [21] considers a simple two-sublattice model of partially deuterated crystal. In should be noted that works [14, 21] take proton-lattice interaction into consideration as well. Moreover, work [14] considers the anharmonicity of the lattice oscillations. Unfortunately, in [14, 15, 21] there was used an approximation of mean field while studying the static and dynamic dielectric permittivity, which is insufficient for LHP. In work [16] , a simple model LHP that takes tunneling into consideration is solved within the approximation of two-particle cluster. Using the Green's function method, the work [18] presents temperature dependencies of relaxation times of LHP and LDP, while work [19] presents dynamic dielectric permittivities. However, all these works do not put forward the task of describing the corresponding experimental data.
The model of a deformed crystal was beneficially used for a description of dielectric, piezoelectric, elastic, thermal and dynamic characteristics of quasi-one-dimensional ferroelectric with hydrogen bonds of CsHPO 4 type in [22] .
This work presents a modified model of proton ordering of hydrogen bonded one-dimensional ferroelectric of LHP-type that takes into consideration the linear [by deformations ε i (i = 1, 3), ε 4 ] contribution into the energy of the proton system. Within the approximation of two-particle cluster, their dielectric, piezoelectric, elastic, thermal and dynamic characteristics are calculated.
Model Hamiltonian of PbHPO 4 crystal
Let us consider a proton subsystem LHP that moves on the O-H. . . O bonds forming zigzag-like chains along the crystal c-axis.
The unit cell of LHP is formed by the chain that contains two neighboring PO 4 tetrahedrons together with two short hydrogen bonds that relate to one of them (tetrahedron of 'A' type) (see figure 1) . The hydrogen bonds that adjoin the second tetrahedron (of 'B' type) belong to two closest structural elements of 'A' type that surround it.
The Hamiltonian of the proton-ion system of LHP, neglecting the tunneling effects of the protons on the O-H. . . O bonds, is as follows [22, 24] :
where v is the volume of unit cell, N is the total number of unit cells, σ q f is the z-component of pseudospin operator that corresponds to the proton located in the q-th cell on the f -th bond ( f = 1, 2). Eigenvalues of the operator σ q f = ±1 correspond to two possible positions of the proton on the hydrogen bond.
Parameters µ p and µ l ( k) are dipole moments that correspond to the proton on the hydrogen bond and to the dipole-active phonon mode, respectively. U 1seed is the seed energy that appears in the form of crystal deformations ε i , ε 4 and electrical field E Figure 1 . Unit cell of LHP crystal [23] .
The second term in (2.1) is the Hamiltonian of short-range interactions between protons. The first Kronecker's symbol corresponds to the proton interaction in the chain close to the tetrahedron of 'A'-type, the second Kronecker's symbol corresponds to proton interactions near the 'B'-type tetrahedron, r is radius vector of the relative position of the proton bond in the unit cell. The quantity w 1 that describes short-range proton interactions within the chain may be expanded into a series with respect to deformations ε i , ε 4 restricted to the linear summands [25] : Long-range interactions of protons and interactions of protons with the lattice vibrations are considered within the the mean field approximation. Thus, the Hamiltonian (2.1) looks as follows:
Using the Heisenberg equation of motion for the mean values of Bose-operators
we find that
Taking into consideration the expression (2.5), the Hamiltonian of systemĤ p takes the following form:
2 .
The following notations are used herein:
Considering the symmetry of unary function of proton distribution
and expanding the constant of long-range proton-proton interactions into a series with respect to deformations ε i , ε 4 , restricted to the linear summands:
are Fourier transforms of the constants of long-range interaction, we get an output HamiltonianĤ in the following form: 12) where the following notations are used:
The approximation of two-particle cluster is used in order to calculate the physical characteristics of PbHPO 4 -type compound. In this approximation, the LHP thermodynamic potential is as follows:
,Ĥ
q are two-particle and one-particle Hamiltonians assigned by the following equations:
14)
(2.15)
The following notations are used herein: (2.16) where ∆ a is the effective field formed dy the neighboring links beyond the cluster borders. Within the cluster approximation, the ∆ a field is determined according to the condition of self-consistency, i.e., the mean value of pseudospin 〈σ (l )x q f 〉 should not depend on a particular Gibbs distribution (two-particle or one-particle Hamiltonian) according to which it is estimated:
Then, based on (2.17) and considering (2.14) and (2.15), we get an equation for the mean value of pseudospin in the following form:
where
Static dielectric, piezoelectric, elastic and thermal characteristics of PbHPO 4
Having calculated the eigenvalues of two-particle and one-particle Hamiltonians, let us present the thermodynamic potential (2.13) per unit cell in the following form:
Using the equilibrium equation
we get an equation for deformation ε i , ε 4 and polarization P 1 :
Based on the relation (3.1) and (3.4), we get the following thermodynamic characteristics of LHP crystals, i.e., isothermal static susceptibility of a mechanically clamped crystal:
where the following notations are used:
isothermal coefficients of piezoelectric stress:
isothermal elastic constants at a constant field:
Other dielectric, piezoelectric and elastic characteristics of LHP may be calculated using the above mentioned results. In particular, we may get the matrix of isothermal compliance at a static field s
which is inverse to the matrix of elastic constant c E i j
; isothermal coefficients of the piezoelectric strain:
isothermal dielectric susceptibility of free crystals:
In the LHP crystals, there takes phase a phase transition of the second order from paraelectric phase into ferroelectric phase at temperature that satisfies the equation:
The molar entropy of a crystal conditioned by a proton subsystem is obtained through a direct differentiation of thermodynamic potential:
where R is a universal gas constant.
The molar heat capacity of a hydrogen subsystem of LHP at a constant strain is calculated by a direct differentiation of entropy (3.9):
Relaxational dynamics of PbHPO 4 crystal
This section describes the dynamic phenomena in LHP at the application of electrical field E * 1 to a crystal. While calculating the dynamic characteristic of this kind of ferroelectrics we use a kinetic equation [26] [27] [28] based on the method of non-equilibrium statistical Zubarev operator [29] .
The kinetic equation for the mean values of pseudospin operator is as follows:
where 
as well as the equation for a unary function in one-frequency approximation:
In case K 0 = K −1 = K 1 = 1/2α, the system equations obtained in this section are in agreement with the equations obtained within the framework of a stochastic Glauber model [30] . Glauber equations describe a physical situation at which the Fourier images of the thermostat correlators are independent of the frequency [26, 28] . Thus, from equations (4.4) and (4.5), we find that
where the following notation is used:
(4.7)
Solving equations (4.6) in the case of small deviations from the equilibrium state, one may obtain the complex dielectric permittivity of the hydrogen subsystem of LHP:
with the set of following notations
Comparison of numerical calculations with experimental data. Discussion of the results obtained
Prior to the discussion of the developed theory, it should be noted that this theory, strictly speaking, holds for deuterated ferroelectric LDP. Thermodynamic and dynamic characteristics of hydrogen-bonded ferroelectrics taking tunneling Ω into account, are essentially defined by an effective parameter of tunnelingΩ, which is renormalized by short-range interactions [31] . Here,Ω ≪ Ω, i.e., an essential suppression of tunneling by short-range interactions takes place. Then, let us assume that the theory proposed by us holds for LHP crystals as well taking into consideration, in particular, the relaxational type of dispersion in LHP.
Unfortunately, the elastic constants of the LHP crystal have not been experimentally determined so far. That is why it is impossible to specify the seed elastic constants and hence to calculate, based on the proposed theory, the piezoelectric coefficients, susceptibility of a mechanically free crystal, elastic constants in ferroelectric phase. In order to perform the numerical calculations of temperature and frequency dependencies of respective physical characteristics of LHP, the values of the following parameters should be specified:
• parameter of a two-particle cluster w;
• parameter of long-range interaction ν ;
• effective dipole moment µ s ;
• the seed dielectric susceptibilities χ 0 11 ;
• parameter α that defines the time scale of relaxation processes.
In order to determine the above mentioned parameters, let us use temperature dependencies of experimental physical characteristics, namely T c , P s (T ) [1] , ε 11 (0, T ) [1] . The value of the effective dipole moment µ s is determined through the agreement of the theory with the experiment for polarization of saturation. In paraelectric phase, we determine µ * 1+ by agreeing the theory with the experiment for ε σ 11 (T ). , [32] , △ [33] and LDP -△ [13] , [32] . Parameter α is defined from the condition that theoretically calculated curves of ε 11 (ω) should agree with the experimentally obtained curves. In is assumed that parameter α slightly changes with temperature:
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The unit cell volume of LHP is taken to be equal
The set of optimal parameters obtained this way is presented in table 1.
Let us now discuss the obtained results. Figure 2 shows temperature dependencies of spontaneous polarization of LHP and LDP crystals together with the experimental data. It is seen in the figure that the data in papers [1] and [7] disagree between themselves. There is a good description of temperature dependencies of spontaneous polarization obtained in paper [1] . Polarization of saturation increases at the growth of the degree of deuteration x.
43702-9 As it is seen in figure 3 , the results of theoretical calculations of ε * 11 (0, T ) on the whole show good quantitative agreement with experimental data obtained by the authors [1, 32, 33] . The temperature dependence of heat capacity for LHP crystal, together with experimental data of paper [9] are presented in figure 4 .
The dashed line shows the effective lattice contribution C 0 into the heat capacity which is estimated by us as the average of the difference C p (T )−∆C p (T ). Based on the proposed model and using the theory parameters (table 1), a quantitatively good description of the data of paper [9] has been achieved. The amount of the calculated heat capacity jump well correlates with the experiment.
The measured temperature dependencies of a real and imaginary parts of dielectric permittivity at different frequencies for LHP are presented in papers [5, 32, [34] [35] [36] [37] [38] . In these figures it is seen that there is a significant data scattering obtained in the experimental papers [5, 32, [34] [35] [36] [37] . The best agreement for our calculated data of ε ′ 11 (ν) and ε ′′ 11 (ν) and the experiment was reached with the results published in papers [5, 32, 34] . As seen in this figure, there is quite acceptable agreement between our theoretical results and the majority of experimental data. A significant disagreement is observed only with the experimental data of Briskot et al. [34] . The reason is a rather poor experimental accuracy (order of 40-50 %) of their experimental setup.
Conclusions
The present paper, based on a modified model of proton ordering that does not take into consideration the proton tunneling on hydrogen bonds in the approximation of a two-particle cluster, describes the theory of thermodynamic and dielectric, piezoelectric, elastic and dynamic properties of one-dimentional ferroelectrics of PbHPO 4 -type. Optimal sets of model parameters have been found that make it possible to describe the available corresponding experimental data for LHP and LDP crystals.
